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ON THE NORMAL HOLONOMY REPRESENTATION OF
SPACELIKE SUBMANIFOLDS IN PSEUDO-RIEMANNIAN
SPACE FORMS
KORDIAN LA¨RZ
Abstract. In this paper we study weakly irreducible holonomy rep-
resentations of the normal connection of a spacelike submanifold in a
pseudo-Riemannian space from. We associate screen representations to
weakly irreducible normal holonomy groups and classify the screen rep-
resentations having the Borel-Lichne´rowicz property. In particular, we
derive a classification of Lorentzian normal holonomy representations.
1. Introduction
Any spacelike submanifold M ⊂ M˜ in a pseudo-Riemannian space form1
M˜ induces an orthogonal decomposition TM˜ |M = TM ⊕NM . The projec-
tions define the induced connection ∇⊥ on the normal bundle NM by
∇M˜X ξ = −AξX +∇
⊥
Xξ for ξ ∈ Γ(NM), X ∈ Γ(TM),
where AξX := −prTM (∇
M˜
X ξ) is the shape operator ofM ⊂ M˜ . Using∇
⊥ we
derive a (restricted) holonomy representation which we call the normal holo-
nomy representation and whose Lie algebra is denoted by hol⊥ ⊂ so(NpM).
In [Olm90] irreducible normal holonomy representations of submanifolds in
Euclidean space forms have been shown to act as the isotropy representation
of a semisimple Riemannian symmetric space.
hol⊥ is said to act weakly irreducible if all invariant proper subspaces are
degenerate. If A ⊂ NpM is invariant then A
⊥ is invariant. Hence, Ξ :=
A ∩A⊥ is an invariant, isotropic subspace of NpM . Moreover, we conclude
hol⊥ ⊂ Stabso(NpM)(Ξ). In the following we consider normal holonomy rep-
resentations where Ξ has maximal dimension. We identify NpM with R
p,q+p
by choosing a pseudo-orthonormal basis (v1, . . . , vp, e1, . . . , eq, w1, . . . , wp) of
NpM where Ξ = span(v1, . . . , vp), Ξ
⊥ = span(v1, . . . , vp, e1, . . . , eq) and
〈vi, vj〉 = 〈w1, wp〉 = 〈vi, ej〉 = 〈wi, ej〉 = 0, 〈ei, ej〉 = 〈vi, wj〉 = δij .
2000 Mathematics Subject Classification. 53C29, 53C50.
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1In fact, throughout this paper we may substitute space forms by arbitrary pseudo-
Riemannian spaces of constant curvature
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With respect to this basis we derive the identification
Stabso(NpM)(Ξ) =




−XT1
A
... ∗
−XTp
0 B X1 · · ·Xp
0 0 −AT


:
A ∈ gl(p),
B ∈ so(q),
Xj ∈ R
q


.
The projection prso(q) : Stabso(NpM) → so(q) defines the normal screen holo-
nomy algebra g := prso(q)(hol
⊥). In this paper we classify the representations
of g having the Borel-Lichne´rowicz property (see below). In particular, if
g acts irreducibly we show the connected Lie subgroup G ⊂ SO(q) with
Lie(G) = g to act as the isotropy representation of a semisimple Riemann-
ian symmetric space. As an application we derive a classification of all
normal holonomy representations of spacelike submanifolds in Lorentzian
space forms.
2. On the classification of normal screen holonomy
representations
Define the curvature tensor R⊥ : Γ(TM)× Γ(TM)× Γ(NM)→ Γ(NM)
of ∇⊥ by R⊥(X,Y ) := [∇⊥X ,∇
⊥
Y ] − ∇
⊥
[X,Y ]. The key observation is that
associated to R⊥ there is an algebraic curvature tensor R on NM generating
the same endomorphism ofNM . This idea has already been used in [Olm90].
Its generalization to the pseudo-Riemannian case is straightforward since the
Ricci equation
〈R⊥(X1,X2)ξ1, ξ2〉 = 〈[Aξ1 , Aξ2 ]X1,X2〉
and the self-adjointness of Aξ are still obeyed. Hence, we state it without
proof:
Lemma 2.1.
(1) Let (e1, . . . , edimM ) be an orthonormal basis of TpM . Then
Rp(ξ1, ξ2)ξ3 :=
dimM∑
i=1
R⊥p (Aξ1ei, Aξ2ei)ξ3
is an algebraic curvature tensor on NpM , i.e.,
R(ξ1, ξ2) = −R(ξ2, ξ1),
〈R(ξ1, ξ2)ξ3, ξ4〉 = −〈ξ3,R(ξ1, ξ2)ξ4〉,
〈R(ξ1, ξ2)ξ3, ξ4〉 = 〈R(ξ3, ξ4)ξ1, ξ2〉,
R(ξ1, ξ2)ξ3 +R(ξ2, ξ3)ξ1 +R(ξ3, ξ1)ξ2 = 0.
Moreover, 〈R(ξ1, ξ2)ξ3, ξ4〉 = −
1
2Tr([Aξ1 , Aξ2 ] ◦ [Aξ3 , Aξ4 ]).
(2) span{Rp(ξ1, ξ2) : ξ1, ξ2 ∈ NpM} = span{R
⊥
p (X,Y ) : X,Y ∈ TpM}.
Let Rτγ (ξ1, ξ2) := τ
−1
γ ◦ Rγ(1)(τγ(ξ1), τγ(ξ2)) ◦ τγ , where τγ denotes the
parallel displacement with the normal connection ∇⊥ along the piecewise
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smooth curve γ : [0, 1] → M with γ(0) = p. Using the Ambrose-Singer
theorem we conclude
hol⊥p = span{R
τγ (ξ1, ξ2) : ξ1, ξ2 ∈ NpM, γ(0) = p}.
Using the basis (v1, . . . , vp, e1, . . . , eq, w1, . . . , wp) of NpM and the identifi-
cation from the introduction we observe
g = span{prE ◦ R
τγ (ξ1, ξ2)|E : ξ1, ξ2 ∈ NpM},
where E := span{e1, . . . , eq}. For 1 ≤ i, j ≤ p we define
P0 := prE ◦ R
τγ |E×E×E ∈ Λ
2E∗ ⊗ g,
Pi := prE ◦ R
τγ (wi, ·)|E×E ∈ E
∗ ⊗ g,
Qij := prE ◦ R
τγ (wi, wj)|E ∈ g.
Definition 2.2. Let h ⊂ so(E , h) for some Euclidean vector space (E , h).
(1) The space of algebraic curvature tensors with values in h is given by
K(h) := {R ∈ Λ2E∗ ⊗ h : R(x, y)z +R(y, z)x+R(z, x)y = 0}.
(2) The space of algebraic weak curvature tensors with values in h is
given by
Bh(h) := {Q ∈ E
∗ ⊗ h : h(Q(x)y, z) + h(Q(y)z, x) + h(Q(z)x, y) = 0}.
We will need the following simple observation:
Proposition 2.3. g = span{P0(Y1, Y2),Pk(Yk),Qij : Y· ∈ E}.
Proof. Fix ξ1, ξ2 ∈ NpM and E ∈ E . Then we have
prE(R
τγ (ξ1, ξ2)E) =
q∑
k=1
〈Rτγ (ξ1, ξ2)E, ek〉ek.
For i ∈ {1, 2} we may write ξi = α
j
ivj + Yi + β
j
iZj with Yi ∈ E . Then
〈Rτγ (ξ1, ξ2)E, ek〉 = 〈R(τγ(ξ1), τγ(ξ2))τγ(E), τγ(ek)〉
= αj1α
i
2〈R(τγ(vj), τγ(vi))τγ(E), τγ(ek)〉
+ αj1〈R(τγ(vj), τγ(Y2))τγ(E), τγ(ek)〉
+ αi2〈R(τγ(Y1), τγ(vi))τγ(E), τγ(ek)〉
+ αj1β
i
2〈R(τγ(vj), τγ(wi))τγ(E), τγ(ek)〉
+ βj1α
i
2〈R(τγ(wj), τγ(vi))τγ(E), τγ(ek)〉
+ βj1〈R(τγ(wj), τγ(Y2))τγ(E), τγ(ek)〉
+ βi2〈R(τγ(Y1), τγ(wi))τγ(E), τγ(ek)〉
+ βj1β
i
2〈R(τγ(wj), τγ(wi))τγ(E), τγ(ek)〉
+ 〈R(τγ(Y1), τγ(Y2))τγ(E), τγ(ek)〉.
Using Lemma 2.1 we derive
〈R(τγ(vj), τγ(vi))τγ(E), τγ(ek)〉 = −〈R(τγ(E), τγ(ek))τγ(vj)︸ ︷︷ ︸
∈Ξ
, τγ(vi)〉 = 0
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and 〈R(τγ(vj), τγ(Y2))τγ(E), τγ(ek)〉 = 〈R(τγ(Y1), τγ(vi))τγ(E), τγ(ek)〉 = 0.
Moreover, the Bianchi identity for R implies
〈R(τγ(vj), τγ(wi))τγ(E), τγ(ek)〉 = −〈R(τγ(wi), τγ(E))τγ(vj)︸ ︷︷ ︸
∈Ξ
, τγ(ek)〉
− 〈R(τγ(E), τγ(vj))τγ(wi), τγ(ek)〉
= 〈R(τγ(wi), τγ(ek))τγ(E)︸ ︷︷ ︸
∈Ξ⊥
, τγ(vj)〉
and 〈R(τγ(wj), τγ(vi))τγ(E), τγ(ek)〉 = 0. Therefore we conclude
〈Rτγ (ξ1, ξ2)E, ek〉 = 〈P0(Y1, Y2)(E), ek〉
+ 〈Pj(β
j
1Y2 − β
j
2Y1)(E), ek〉
+ 〈βi1β
j
2Qij(E), ek〉.
⊔
Remark 2.4. Using the definition and Lemma 2.1 we derive P0 ∈ K(g) and
Pk ∈ Bh|E (g). A Lie algebra h with h = span{Q(x) : x ∈ E , Q ∈ Bh(h)} is
called weak Berger algebra. The computations above imply that g is a weak
Berger algebra if the Qij are generated by P0 and Pk. This happens, e.g.,
if NM has Lorentzian signature. Moreover, representations of weak Berger
algebras have been classified in [Lei07]. There each weak Berger algebra is
shown to act as the holonomy representation of a Riemannian manifold.
We would like to restrict to irreducible normal screen holonomy repre-
sentations. For submanifolds in Lorentzian space forms this approach is
justified by
Proposition 2.5. Let g ⊂ so(E) be the normal screen holonomy algebra
of a submanifold in a Lorentzian space form. Then there is an orthogonal
decomposition E = E0⊕ . . .⊕Eℓ such that E0 is a trivial submodule and Ej
are irreducible. Moreover, there is a decomposition g = g1 ⊕ . . . ⊕ gℓ into
commuting ideals such that gj acts irreducibly on Ej and trivially on Ei for
i 6= j.
Proof. We may use a similar approach as in [BBI93]. If V ⊂ E is invariant
then E decomposes into E = V ⊕ V ⊥ since (E, h) is Euclidean. Let gV
be the subalgebra of so(E) which leaves V invariant and annihilates V ⊥.
Define g1 := g∩ gV and g2 := g∩ gV ⊥ . We need to show g ⊂ gV ⊕ gV ⊥ . Let
Y1, Y˜1 ∈ V and Y2, Y˜2 ∈ V
⊥. If the ambient space has Lorentzian signature
we conclude Qij = 0 for all i, j. Moreover, using the algebraic curvature
properties for R we observe
P0(Y1, Y2) = 0, P0(Y1, Y˜1)|V ⊥ = 0, P0(Y2, Y˜2)|V = 0,
Pk(Y1)|V ⊥ = 0, Pk(Y2)|V = 0.
Hence, the proof follows using Proposition 2.3. ⊔
Definition 2.6. Let g ⊂ so(E). We say g has the Borel-Lichne´rowicz prop-
erty if there are decompositions E = E0⊕ . . .⊕Eℓ and g = g1⊕ . . .⊕gℓ such
that each gj acts irreducibly on Ej and trivially on Ei for i 6= j.
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Remark 2.7. According to Proposition 2.5 the normal screen holonomy
algebra g has the Borel-Lichne´rowicz property if the ambient space is a
Lorentzian space form. It is not known if this is true for ambient spaces
with arbitrary signature. In the proof we have only used that the Qij are
generated by P0 and Pk.
Lemma 2.8. Let g ⊂ so(E) be the normal screen holonomy algebra of a
submanifold in a pseudo-Riemannian space form. Assume g has the Borel-
Lichne´rowicz property with g = g1 ⊕ . . . ⊕ gℓ. Then K(gj) 6= 0.
Proof. If K(gj) = 0 we conclude
gj = span{Pk|Ej ,Q|Ej : k 6= 0}.
using Proposition 2.3. Let e1, e2, e3 ∈ Ej and write τγei = e˜i + Vi for
e˜i ∈ Ej ⊂ Ξ
⊥ and Vi ∈ Ξ. By Lemma 2.1 we have
0 = 〈P0(e2, e3)e2, e3〉 = 〈R
τγ (e2, e3)e2, e3〉
= −
1
2
Tr([Aτγ (e2), Aτγ (e3)] ◦ [Aτγ (e2), Aτγ (e3)]).
SinceM is spacelike Tr(A◦BT ) defines an inner product on skewsymmetric
operators. Therefore, we derive [Aτγ (e2), Aτγ (e3)] = 0. On the other hand
〈Pk(e1)e2, e3〉 = 〈R
τγ (wk, e1)e2, e3〉
= 〈R(τγ(wk), τγ(e1))τγ(e2), e˜3〉+ 〈R(τγ(wk), τγ(e1))τγ(e2)︸ ︷︷ ︸
∈Ξ⊥
, V3〉
= 〈R(τγ(wk), τγ(e1))e˜2, e˜3〉+ 〈R(τγ(wk), τγ(e1))V2︸ ︷︷ ︸
∈Ξ
, e˜3〉
= −
1
2
Tr([Aτγ(wk), Aτγ (e1)] ◦ [Ae˜2 , Ae˜3 ])
and
〈Qije2, e3〉 = 〈R
τγ (wi, wj)e2, e3〉
= −
1
2
Tr([Aτγ(wi), Aτγ (wj)] ◦ [Ae˜2 , Ae˜3 ]).
However, by the Ricci equation we have
0 = 〈R⊥(X,Y )Vi, e˜j〉 = 〈[AVi , Ae˜j ]X,Y 〉,
i.e., [AVi , Ae˜j ] = 0. Hence, we conclude
〈Pk(e1)e2, e3〉 = −
1
2
Tr([Aτγ (wk), Aτγ(e1)] ◦ [Aτγ(e2), Aτγ(e3)]) = 0,
〈Qije2, e3〉 = −
1
2
Tr([Aτγ (wi), Aτγ (wj)] ◦ [Aτγ(e2), Aτγ (e3)]) = 0.
Therefore gj = 0 and we have a contradiction. ⊔
Observe that we did not use any irreducibility conditions in the proof of
Lemma 2.8. However, we need the normal screen holonomy to act irreducibly
for the proof of our main result:
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Theorem 2.9. Let g ⊂ so(E) be the normal screen holonomy algebra of a
submanifold in a pseudo-Riemannian space form. Assume g has the Borel-
Lichne´rowicz property and let Gj ⊂ SO(Ej) be the connected Lie subgroup
with Lie(Gj) = gj. Then Gj acts irreducibly on Ej as the isotropy repre-
sentation of a semisimple Riemannian symmetric space if j > 0.
Proof. Given the observations from Proposition 2.3 and Lemma 2.8 we can
find
Rj := prEj ◦ R
τγ |Ej×Ej×Ej 6= 0.
Moreover, gj and therefore Gj ⊂ SO(Ej) act irreducibly on Ej , i.e., Gj is
compact and (Ej , Rj , Gj) is an irreducible holonomy system in the sense of
[Sim62]. Hence, the statement follows from [Sim62][Thm. 5] once we have
shown scal(Rj) 6= 0 where scal(Rj) =
∑dimEj
k,ℓ=1 〈Rj(ek, eℓ)eℓ, ek〉 is the scalar
curvature of Rj. We compute
dimEj∑
k,ℓ=1
〈Rj(ek, eℓ)eℓ, ek〉 =
dimEj∑
k,ℓ=1
〈Rτγ (ek, eℓ)eℓ, ek〉
=
dimEj∑
k,ℓ=1
〈R(τγ(ek), τγ(eℓ))τγ(eℓ), τγ(ek)〉
= −
1
2
dimEj∑
k,ℓ=1
Tr([Aτγ (ek), Aτγ (eℓ)] ◦ [Aτγ (eℓ), Aτγ (ek)])
= −
1
2
dimEj∑
k,ℓ=1
{[Aτγ (ek), Aτγ (eℓ)], [Aτγ (ek), Aτγ (eℓ)]}
< 0,
where {A,B} = Tr(A ◦ BT ) is the usual inner product on skewsymmetric
operators. The last inequality follows since 〈Rj(ek, eℓ)eℓ, ek〉 6= 0 for some
k, ℓ unless Rj = 0. ⊔
3. Applications
3.1. Lorentzian normal holonomy representations.
As an application of the previous results we want to derive a classification
of all normal holonomy representations of spacelike submanifolds M ⊂ M˜
in Lorentzian space forms. Using the same approach as in [Olm90] we get a
orthogonal holonomy invariant splitting
NM = NM0 ⊕NML ⊕NM1 ⊕ . . .⊕NMr
of the normal bundle and a splitting
Hol⊥0 (M) = Hol
⊥
L ×Hol
⊥
1 × . . .×Hol
⊥
r
of the restricted normal holonomy group such that2
2
NM0 may have Lorentzian signature and Hol
⊥
L may vanish. E.g., if M ⊂ H
n
⊂ R
1,n
where Hn is the hyperbolic space then using the position vector field we get a timelike
∇
⊥-parallel normal vector field on M ⊂ R1,n.
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• NM0 is a maximal flat and non-degenerate subspace and NMj has
Riemannian signature for j ≥ 1,
• Hol⊥j acts irreducibly on NMj for j ≥ 1 and trivially on NMi for
i 6= j,
• Hol⊥L acts weakly irreducibly on NML and trivially on NMi for
i 6= L.
The actions of Hol⊥j have been classified in [Olm90]. Moreover, if Hol
⊥
L ⊂
SO0(1,m + 1) acts irreducibly then by a well known result [DSO01] we
conclude Hol⊥L = SO0(1,m + 1). Hence, we have to classify the weakly
irreducible but non-irreducible representations. For such representations we
have
Theorem 3.1 (Be´rard-Bergery & Ikemakhen [BBI93]). Let h ⊂ so(1,m+1)
be the Lie algebra of the connected Lie group H ⊂ SO(1,m+1) acting weakly
irreducibly but non-irreducibly. Then h ⊂ (R⊕so(m))⋉Rm. Moreover, using
g := prso(m)(h) the Lie algebra h belongs to one of the following types:
• Type 1: h = (R⊕ g)⋉Rm
• Type 2: h = g⋉Rm
• Type 3:
h =



ϕ(A) w
T 0
0 A w
0 0 −ϕ(A)

 : A ∈ g, w ∈ Rm


where ϕ : g։ R is an epimorphism satisfying ϕ|[g,g] = 0.
• Type 4: There is 0 < ℓ < m such that Rm = Rℓ ⊕ Rm−ℓ, g ⊂ so(ℓ)
and
h =




0 ψ(A)T wT 0
0 0 0 −ψ(A)
0 0 A −w
0 0 0 0

 : A ∈ g, w ∈ Rℓ


for some epimorphism ψ : g։ Rm−ℓ satisfying ψ|[g,g] = 0.
In our case the Lie algebra g in the previous theorem is the normal screen
holonomy algebra. Combining the Theorems 3.1, 2.9 and Proposition 2.5
we derive
Corollary 3.2. Let M be a spacelike submanifold in a Lorentzian space
form. Then the weakly irreducible part of the normal holonomy representa-
tion is given by one of the types in Thm. 3.1 and its normal screen holonomy
representation acts as the isotropy representation of a Riemannian symmet-
ric space.
3.2. Submanifolds with ∇⊥-parallel second fundamental form.
Let M ⊂ R1,N be a full spacelike submanifold and Π(X,Y ) := ∇R
1,N
X Y −
∇MX Y its second fundamental form. Moreover, assume ∇
⊥Π = 0.3 In order
3Full extrinsically symmetric submanifolds provide examples for this class of subman-
ifolds. A detailed study can be found in [Kat08].
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to study the possible normal holonomy groups we will apply ideas from
[Fer74]. Let ξ ∈ Γ(NM) and X,Y,Z ∈ Γ(TM). Then
〈(∇⊥XΠ)(Y,Z), ξ〉 = 〈(∇XAξ)Y ,Z〉 − 〈A∇⊥
X
ξY ,Z〉.
The mean curvature vector field H := 1dimM
∑dimM
i=1 Π(ei, ei) =
Tr(Π)
dimM is
∇⊥-parallel and therefore ∇XAH = 0. Using [Fer74][Lemma 1] we con-
clude that AH has constant eigenvalues (λ1, . . . , λr) and parallel eigendis-
tributions. Since M is full we may apply [Kat08][Lemma 3.2] and Moore’s
Lemma. Hence, M is locally a product of immersions
M =M1 × . . .×Mr → R
1,n × Rn2 . . .Rnr .
Consider the local normal holonomy of the full immersion M1 → R
1,n. By
construction ∇⊥Π1 = 0 and AH = λ · idTM1 . The following cases may occur:
Case 1: H is timelike, i.e., the Lorentzian part of the local normal holonomy
representation vanishes.
Case 2: H 6= 0 and H ∈ NML. Then ‖H‖ = 0 and
λ〈X,Y 〉 = 〈AHX,Y 〉 = 〈Π1(X,Y ),H〉,
i.e., λ = 〈H,H〉 = 0 and therefore AH = 0. However, this would imply that
M1 is not full.
Case 3: H /∈ NML or H = 0 and moreover Hol
⊥
L,loc(M1) 6= 0 is of type 2 or
of type 4. Then Ξ is locally spanned by a ∇⊥-parallel lightlike vector field
ξ 6= 0. In the same way as forH we conclude∇⊥(Aξ) = 0 and Aξ = µ·idTM1 .
Since µ = 〈ξ,H〉 = 0 we derive a contradiction.
Observe that the Hol⊥L (M) is only of type 2 or of type 4 if Hol
⊥
L,loc(M1) is
somewhere. Hence, we conclude
Proposition 3.3. LetM ⊂ R1,N be a full spacelike submanifold with ∇⊥Π =
0. Then the normal holonomy is reducible and if Hol⊥L 6= 0 then it is of type
1 or 3.
I do not know if M can have a normal holonomy representation of type 1
or 3.
3.3. Submanifolds of the light cone.
For any spacelike submanifold M ⊂ R1,N with Hol⊥L 6= 0 the distribution
Ξ is locally spanned by a ∇⊥-parallel lightlike vector field ξ if Hol⊥L is of
type 2 or 4. Now we assume that ξ is globally defined on M and moreover
Aξ = λ · idTM for some λ 6= 0. Consider the position vector field V : R
1,N →
R
1,N with V (p) = p. Then ∇R
1,N
· V = idR1,N and therefore
∇R
1,N
X (ξ + λV ) = 0 for X ∈ TM.
Hence, we can find V0 ∈ R
1,N such that V = V0−
1
λ
ξ, i.e., after a translation
by V0 we have M ⊂ L
N . Here LN is the light cone in R1,N . Conversely, let
M ⊂ LN and V be the restriction of the position vector field to M . Then
V ∈ Γ(NM) and
〈V, V 〉 = 0, ∇⊥V = 0, AV = −idTM .
This follows from ∇R
1,N
· V = idR1,N and 0 = X(〈V, V 〉) = 2〈∇
R
1,N
X V , V 〉 =
2〈X,V 〉 for X ∈ TM .
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Finally, if M ⊂ LN has codimension 3 in R1,N the normal holonomy is
either vanishing or of type 2, since V is a lightlike ∇⊥-parallel vector field,
i.e., 1× SO(2), SO(1, 1)× 1 and SO0(1, 2) cannot be the normal holonomy
group.
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